Abstract. Spaces equipped with two complementary (distinct) congruences of self-dual null strings and at least one congruence of anti-self-dual null strings are considered. It is shown that if such spaces are Einsteinian then the vacuum Einstein field equations can be reduced to a single nonlinear partial differential equation of the second order. Different forms of these equations are analyzed. Finally, several new explicit metrics of the para-Hermite and para-Kähler Einstein spaces with Λ = 0 are presented. Some relation of that metrics to a modern approach to mechanical issues is discussed.
Introduction
This paper is devoted to some aspects of complex geometry and real geometry for the neutral signature (+ + −−) in dimension four.
Complex analysis provides us with a powerful tool in theoretical physics. In relativity complex numbers were used by Einstein himself (he considered imaginary time in special theory of relativity). In the sixties more advanced complex methods, like null tetrad formalism, spinor and twistor formalisms were introduced. It appeared that asymptotically flat spacetime defines 4-dimensional, complex analytic differential manifold equipped with a holomorphic metric. This metric satisfies the vacuum Einstein field equations and the self-dual (SD) or anti-self-dual (ASD) part of its Weyl tensor vanishes. Spaces of such properties are called heavenly spaces (H-spaces). H-spaces also appeared as the nonlinear gravitons in the pioneering work by R. Penrose. They play a fundamental role in twistor theory as well.
In 1976 the idea of hyperheavenly spaces (HH-spaces) was introduced by J.F. Plebański and I. Robinson. HH-spaces are complex spaces which SD (or ASD) part of the Weyl tensor is algebraically degenerate and which satisfy vacuum Einstein field equations with cosmological constant Λ. In HH-spaces vacuum Einstein equations have been reduced to a single nonlinear partial differential equation of the second order (hyperheavenly equation). HH-spaces were supposed to be considered as an intermediate step between complex and real theory of relativity. The so called Plebański programme assumed that from the HH-metrics real metrics of Lorentzian signature (+ + +−) can be obtained. Unfortunately, there were no sufficiently general techniques which allowed one to obtain such solutions. It was the reason why HH-spaces theory became less popular in the nineties.
HH-spaces are equipped with (at least one) family of the totally null and totally geodesic, holomorphic 2-surfaces which are called the null strings. We say that any HHspace admits a congruence (foliation) of SD or ASD null strings. Properties of such congruences have been investigated in [19, 21, 17] . The relation between the existence of null strings and algebraic structure of the Weyl spinor has been discussed in [15] . Then the existence of the null strings has been related to the properties of para-Hermite and para-Kähler spaces. Both these kind of spaces are well-known in physics [6] .
Real totally null smooth 2-surfaces appeared in Walker spaces as integral manifolds of integrable totally null 2-distributions [24] . Walker spaces have been recently investigated in many papers (see [8, 7, 2] and references therein). The concept of two-sided Walker spaces was introduced in [2] and then generalized in [7] . In addition, the relation between Walker spaces and HH-spaces was discussed in [2] .
4-dimensional spaces with the metric of neutral signature (++−−) play an important role in theoretical physics. They appear in the theory of integrable systems [4] as spaces which admit ASD conformal structures. Recently, 4-dimensional para-Kähler Einstein spaces with Λ = 0 have found their place in other geometrical problems, which can be understood as a very modern approach to mechanical issues. In [1] the description of the configuration space of two solids rolling on each other without slipping or twisting has been introduced. In [10, 11] this approach has been developed. The authors of [10] consider the (2, 3, 5) distributions over the twistor space T(M) where M is a four dimensional manifold equipped with the metric of neutral signature. The surfaces of rolling bodies for which the associated (2, 3, 5) distribution has the exceptional Lie group G 2 as a group of local symmetries are considered. Similar problems are analyzed in [11] . The authors pay a special attention to the so called dancing metric, which has many interesting properties. Dancing metric appears to be one of neutral signature and it is equipped with two complementary congruences of SD null 2-surfaces, so it belongs to the para-Kähler class of metrics. The recent considerations of Nurowski and his collaborators point out even deeper relation between para-Kähler Einstein spaces with Λ = 0 and (2, 3, 5) distributions [9] .
The unexpected role of such 4-dimensional real manifolds in modern interpretations of mechanical issues motivates us to develop further the results of Ref. [20] . It has been proven in [20] that vacuum Einstein equations in para-Hermite spaces with Λ = 0 can be reduced to a single equation (Eqs. (3.3) in the present paper). In the case of para-Kähler Einstein spaces with Λ = 0 we consider the equation (4.10) also presented in [20] . We have been able to find many nontrivial solutions of both these equations. We also use HH-spaces formalism. The corresponding solutions of hyperheavenly equation describe probably the most general solutions of the spaces of the types [D] nn ⊗ [II] n and [D] nn ⊗[III,N] e have presented so far (the meaning of the superscripts e and n is explained in subsection 2.3.1).
The main aim of the present paper is to find explicit examples of para-Hermite and para-Kähler Einstein spaces with Λ = 0. We do not analyze these metrics in details. The question about the Killing vectors of these metrics is very interesting, but it is outside the scope of this paper. For the same reason, we do not enter the natural question regarding the Lorentzian slices of the metrics of the types [D] ee ⊗ [D] ee from the subsection 3.5 and
nn from the subsection 5.2. Our considerations are local and complex in general. We consider complex manifolds of dimension four equipped with the holomorphic metric. The results can be easily carried over to the case of the real manifolds with neutral signature. It is enough to replace all the holomorphic functions and coordinates by the real smooth ones.
The paper is organized, as follows. In preliminaries (section 2) we remind basic facts about the null tetrad formalism, spinorial formalism, Petrov -Penrose classification and congruences of null strings. In subsection 2.3.2 the structure of para-Hermite Einstein spaces is presented. Different approaches to the problem of explicit solutions of the para-Hermite Einstein spaces are sketched. In particular, we explain some of our assumptions taken in the paper.
Section 3 is devoted to the para-Hermite spaces. Firstly we remind the main result of our previous work [20] : the metric (3.1) and the equation (3.3) . Further analysis leads to a large class of exact solutions of this equation.
In section 4 para-Kähler Einstein spaces in double null coordinates are considered. The main result of this section is the form of metric generated by (4.16) . In section 5 we use the Plebański -Robinson -Finley coordinates. Finally, some solutions of different Petrov -Penrose types are given.
Concluding remarks end the paper.
Preliminaries

Null tetrad and spinorial formalisms
In this section we present some basic facts of the null tetrad and spinorial formalisms. As a starting point we consider 4-dimensional complex analytic differentiable manifold endowed with a holomorphic metric (M, ds 2 ). 
Spinorial indices are manipulated according to the following rules
where ∈ AB and ∈ȦḂ are the spinor Levi-Civita symbols
Define the spin-tensor g aAḂ according to relation g AḂ = g
AḂ a e a . Then g aAḂ is a bridge between the null tetrad and spinorial formalisms. It is easy to see that − 
In complex relativity the 1-forms g AḂ are unrelated, but real relativity involves some constraints for the 1-forms g AḂ . For different signatures of 4-dimensional spaces we find
where bar stands for the complex conjugation. Consider two pairs of normalized spinors (k A , l A ), k A l A = 1 and (kȦ, lȦ), kȦlȦ = 1. They constitute the basis of undotted and dotted 1-index spinors and they generate the new null tetrad as follows
where g AḂ are given by (2.2). For more details about null tetrad and spinorial formalisms, see [12, 13, 16] .
Petrov -Penrose classification of the Weyl spinor
It is well known that every spinor symmetric in all indices can be decomposed according to the formula
where Ψ
(i)
A are some 1-index spinors and the bracket (A 1 A 2 ...A n ) stands for symmetrization. We use the formula (2.8) to classify the spinorial image of the SD part of the Weyl tensor C ABCD = C (ABCD) . Firstly, consider the complex case. With complex C ABCD one finds that
where α A , β A , γ A and δ A are complex spinors. The relations between those spinors brought us to the Petrov -Penrose classification of the SD Weyl spinor
In 4-dimensional spaces with the metric of neutral signature C ABCD is real. It implies a little more detailed Petrov -Penrose classification:
C ABCD = 0
In [22] Five SD curvature coefficients C (i) , i = 1, 2, 3, 4, 5 are defined as follows 
If additionally l A ∼ β A then even stronger restrictions on the curvature coefficients appear. They are
The similar classification holds for the ASD Weyl spinor. According to Plebański -Robinson terminology, congruences of the null strings which are parallely propagated (MḂ = 0) are called nonexpanding while those for which MḂ = 0 are called expanding.
[Similarly we can consider congruences of ASD null strings, but they are generated by dotted spinors. ASD null strings generated by the spinor νȦ appear as integral manifolds of the distributionḊ νȦ := {µ A νḂ, l A νḂ}, µ A l A = 0.] The properties of the congruences of null strings in Einstein spaces have been considered in many papers (particularly valuable analysis has been presented in outstanding work of Plebański and Rózga [17] ). Here we recall only the most important facts. Especially important is the following theorem
2 ) is a complex 4-dimensional Einstein space then the following statements are equivalent
2 ) admits a congruence of SD null strings generated by the spinor µ A
• SD Weyl spinor of (M, ds 2 ) is algebraically degenerate and spinor µ A is a multiple Penrose spinor It follows from Theorem 2.1 that in Einstein spaces an existence of a congruence of SD (ASD) null strings is equivalent to the algebraic degeneration of the SD (ASD) Weyl spinor. Because of this fact we propose to add to the symbol of algebraically degenerated Petrov -Penrose types additional information about the type of the corresponding congruence. From now on we use the following terminology: superscript e means that the corresponding congruence is expanding (2.19) superscript n means that the corresponding congruence is nonexpanding 
Para-Hermite spaces
Especially interesting are spaces equipped with two complementary congruences of SD (or ASD) null strings. Such spaces are called para-Hermite spaces (see [6] for more detailed treatment). In what follows we always fix orientation so that the para-Hermite spaces are equipped with two congruences of SD null strings. There is a deep relation between the existence of such congruences and algebraic structure of both SD Weyl spinor and traceless Ricci tensor. This relation deserves a separate paper and will be investigated elsewhere. Here we focus on Einsteinian case. Detailed discussion about the reduction of Einstein equations in Einstein para-Hermite spaces into a single equation has been done in [20] .
By Theorem 2.1 it is clear, that the existence of two complementary congruences of SD null strings in Einstein space implies that the SD Weyl spinor can be of the type [D] or [−] (left conformally flat space). Congruences can be both expanding or both nonexpanding or of the mixed type (see Table 1 ).
Note that the existence of two complementary congruences of SD null strings of the mixed types in Einstein spaces implies that the SD Weyl spinor vanishes and the space automatically degenerates into left conformally flat space [20] . We are interested in non-conformally flat spaces so in what follows we assume that both SD congruences are expanding or both nonexpanding. According to terminology (2.19) we use the following Cosmological Both congruences One congruence expanding, Both congruences constant expanding second nonexpanding nonexpanding 
ee stands for the case when both congruences of SD null strings are expanding
nn means that both congruences of SD null strings are nonexpanding
If both congruences of SD null strings are nonexpanding, then such spaces become para-Kähler spaces. For more information about para-Kähler spaces, see [6] .
Approach to the solution problem
To find some nontrivial metrics of the para-Hermite and para-Kähler Einstein spaces with nonzero cosmological constant Λ we use the geometrical structure of complementary congruences of SD null strings. We always choose the null tetrad in such a manner that the distributions which generate those congruences have the following forms
The Ricci rotation coefficients Γ 421 and Γ 423 determine the expansion of the congruence defined by the distribution D µ A , while Γ 312 and Γ 314 determine the expansion of the congruence defined by the distribution
In what follows the null tetrad is always chosen in such a way that (2.20) is satisfied. Further considerations will prove that the choice of appropriate coordinates is not so natural and different coordinate frames have their own advantages and disadvantages. We use three different coordinate frames. In section 3 we use the coordinates which have been introduced in [20] . We call them as Przanowski coordinates. All these equations are strongly nonlinear and it is very hard to obtain sufficiently general solutions. We are going to solve these equations under additional assumption that the Einstein space admits an ASD null string. Moreover, we will assume that ASD null string has a special form span(∂ 1 , ∂ 4 ).
More precisely, we assume the existence of congruence of ASD null strings what is equivalent to the fact that the ASD Weyl spinor is algebraically degenerate (compare Theorem 2.1). Algebraic degeneration of the the ASD Weyl spinor implies
We have two possible ways of further investigations The first way involves some new coordinate frame since the double null coordinates, Przanowski coordinates and Plebański -Robinson -Finley coordinates fail. The second way leaves us with an extremely nasty differential equation (2.21) which is so advanced that we have not been able to obtain any solution of it.
In this point we decided to make an additional ad hoc assumption. We keep the form of the reduced vacuum Einstein field equations and assume that ASD null string is very special: it lies in the plane given by (∂ 1 , ∂ 4 ). This assumption, which seems to be very strong at the first glance, allows us to find many nontrivial explicit examples of the complex and real metrics of the types [D] ee
3 Para-Hermite spaces with two expanding congruences of SD null strings
The detailed analysis of the spaces of the types [D] ee ⊗ [any] equipped with two expanding congruences of SD null strings has been done in [20] where the procedure of reduction of vacuum Einstein field equations led the authors to a suitable coordinate system (x, y, z, t) (Przanowski coordinates). Then it has been proven that the metric of the spaces of types [D] ee ⊗ [any] can be brought to the following form
Qx κx dydz where , etc.). The metric (3.1) admits the Killing vector field ∂ t . The function Q = Q(x, y, z) has to satisfy the crucial equation
Now we choose the null tetrad in the form
where
From the first structure equations the connection forms can be extracted as
After quite long calculations we get the conformal curvature in the form
and, of course, the traceless Ricci tensor vanishes C ab = 0 and the curvature scalar is R = −4Λ.
Coordinate gauge freedom
The tetrad (3.4) is chosen in such a manner that planes (∂ 1 , ∂ 3 ) and (∂ 2 , ∂ 4 ) constitute the congruences of the SD null strings. Coordinate transformations should maintain these planes, so it is reasonable to consider as a starting point the rotations (
. Nevertheless, some portion of this freedom has been used earlier during the process of reduction of the metric to the form (3.1) and the vacuum Einstein equations to the equation (3.3). After some work we find that the tetrad (3.4) remains invariant under the transformations
Under these transformations the constant γ 0 and functions v and Q become
In above formulas f , g, y and z are arbitrary functions of their variables and c 0 is an arbitrary constant. Under (3.9) the null tetrad transforms as follows Putting (3.13) into (3.3) we obtain the system of three equations
with some arbitrary functions N (y) and G(y). Equation (3.14c) can be easily solved.
One gets
where S(y) is the integration function. So
Then the Q function reads
Consequently, the function v defined by (3.2) is
Since necessarily v x = 0, S(y) and G(y) cannot vanish at the same time
The functions h(y, z) and l(y, z) in (3.18) and (3.19) have to satisfy the equations (3.14a) and (3.14b). To solve these equations we need some additional assumption about N (y).
[Indeed, cases N = 0 and N = 0 have to be considered separately]. Important Note: If we demand that the congruence of ASD null strings be nonexpanding, then we have to impose the condition Γ 413 = Ω = 0. Using (3.18) and (3.19) in (3.7b) we quickly arrive at the formula
Obviously Ω = 0 ⇐⇒ S(y) = 0. The case with nonexpanding congruence of ASD null string can be identified by putting S(y) = 0. Straightforward, but somewhat long calculations bring us to the nonzero ASD curvature coefficientṡ
where we put
To find explicit solutions we have to split the problem into two cases. Since, generally, we are not interested in left conformally flat spaces we assume γ 0 = 0. Using the coordinate gauge freedom (3.9) and (3.10) one can always put r(y) = y,r(z) = z, w(y) =w(z) = 0 without any loss of generality . Finally, the solution is
Assume now the case N (y) = 0. If N (y) = 0 then l yz = 0, so l(y, z) = ln(r yrz ), where r = r(y) andr =r(z). Using the coordinate gauge freedom we can put r(y) = y,r(z) = z without any loss of generality. Consequently, l(y, z) = 0. Solution for h(y, z) reads h(y, z) = z G(y)dy + w(y) +w(z) (3.27)
Functions w andw can be gauged away, as before. Consequently the general solution for the case when N (y) = 0 takes the form of Q(x, y, z) = z G(y)dy + κ x ln R(x, y)dx (3.28) 
R and T are given by (3.17) and (3.23), respectively; S, G and N are arbitrary functions of y only. Moreover if N = 0:
The curvature is given by (3.22) .
There are three arbitrary functions N , S and G involved in our considerations. However, it appears that the number of arbitrary functions in the metric (3.29) can be reduced to two functions only: S and G (if N = 0) or S/N and G/N (if N = 0). In the next subsection we take advantage of this fact and we are going to find slightly more suitable forms of the metric.
Metrics of the types [D]
ee 
The curvature readṡ
where f and g are arbitrary functions of y such that |f y | + |g y | = 0, otherwise the solution degenerates into the type [ This is a class of solutions with N = 0. Here we have S = 0, so the congruence of ASD null strings is necessarily expanding. Changing abbreviations for the functions and using the gauge freedom we arrive at the metric 
where T is defined by (3.23) . The left hand side of the condition (3.40) is a polynomial in x and it seems to be rather involved. But after thorough analysis we arrive at the two possibilities:
where S 0 and G 0 are arbitrary constants.
(ii)
is an arbitrary function of its coordinate. The function l can be gauged to zero, which makes b = b 0 = const.
Types
Here the solution can be obtained from the solution described in 3.4.1 by putting f = S 0 = const and g = G 0 = const. Namely, we obtain the metric
The curvature readsĊ
The solution depends on four constants S 0 , G 0 , γ 0 and Λ, such that |S 0 | + |G 0 | = 0. Table 1 ). Note that such metrics do not admit any Lorentzian slices, so they cannot be treated as a special cases of Plebański -Demiański solution [14] . To the best of our knowledge this is the first example of the vacuum type [D] ⊗ [D] complex space-time with Λ = 0 which does not admit any Lorentzian real section.
The detailed analysis of (3.42) proves that this class divides into two subclasses. If S y G − SG y = 0 we arrive at the metric
The curvature is given byĊ
The solution depends on four constants S 0 , G 0 , γ 0 and Λ and constants G 0 and S 0 must fulfill |S 0 | + |G 0 | = 0 and ΛG 
Type
The second subclass is characterized by S y G − SG y = 0. It involves Λ = 0, so the solution is not so interesting for our purposes. Nevertheless, we present it here for the completeness. We have S = 0 and S y G − SG y = b 0 S 3 . After some work we get the metric
The solution depends on three constants a 0 , b 0 and γ 0 . Congruences of ASD null strings are here necessarily expanding. 
Metrics of the types
Some remarks should now be given:
• G = 0, otherwise from (3.54) and from γ 0 = 0 it follows that S = 0. However, G and S cannot vanish at the same time.
• N = 0, otherwise from (3.54) it follows that S is proportional to G or S = 0, which impliesĊ (2) = 0
• Functions S, G and N cannot be simultaneously proportional to each other because it causesĊ (2) = 0. Now we are ready to solve the condition (3.54) explicitly. We find two families of solutions Class 1 (expanding congruence of the ASD null strings)
Class 2 (nonexpanding congruence of the ASD null strings)
Here we have S = 0, which corresponds to the existence of expanding congruence of the ASD null strings. We denote f (y) := S/G where f is an arbitrary function of y such that f y = 0. The metric reads
and r(x, y) :
F (x, y) := ∂ ∂y
This solution corresponds to S = 0 = Λ, so the congruence of the SD null strings is nonexpanding here. We introduce the function f (y) := G/N such that f y = 0. After some work we obtain the metric
2f y xf r (3.64)
Here, like before, we obtain two classes of solutions Class 1
where S 0 is an arbitrary constant and G 0 is arbitrary nonzero constant. Class 2
Then it can be easily found, that for both these classes T = 0 (compare (3.23)). ConditionsĊ (3) =Ċ (2) = 0 implyĊ (1) = 0. It means that using our solution in the form (3.13) we cannot obtain the examples of the types [D] ee
The connection forms read now
in which we used the abbreviations
Congruences of the SD null strings are spanned by the vectors (∂ 1 , ∂ 3 ) and (∂ 2 , ∂ 4 ). Of course, both these congruences are nonexpanding: Γ 42 = Γ 31 = 0.
From the second Cartan structure equations we find the conformal curvature as
and the trace-less Ricci tensor is given by
The metric (4.1) admits the following coordinate gauge freedom
(where a and b are arbitrary functions of their variables). Now, consider the case of para-Kähler Einstein spaces. It is quite easy to see that the conditions C ab = 0 and R = −4Λ imply that the function M must satisfy the crucial equation
Some portion of freedom (4.9) has been used to reduce the Einstein field equations to the form (4.10). For Einstein para-Kähler spaces the functions a and b are not arbitrary anymore. The condition for algebraic degeneration of the ASD Weyl spinor appears to be a rather nasty equation for the M function. As before we assume that the ASD null strings are somewhat special and they are spanned by the vectors (∂ 1 , ∂ 4 ). It is equivalent to the condition (2. Now it is clear that r y has a deep geometrical interpretation: r y = 0 means that the congruence of ASD null strings is expanding, while r y = 0 implies that the expansion of this congruence vanishes. With Γ 411 = 0 the coordinate transformations (4.9) are restricted to the transformations with y = y (y).
Nonexpanding case
Firstly we deal with the nonexpanding case, r y = 0. Note that with Λ = 0 the only types which admit the nonexpanding congruences of ASD null strings are ASD types [II] and [D] (see Theorem 2.2). Using the gauge freedom for the function p = p (p, q) one proves that the function r(p, q) can be brought to zero without any loss of generality. The function M reads then M (x, y, p, q) = l(y, p, q) + g(x, y, p). Putting this form of M into Einstein equation (4.10) we find that this equation separates into two Liouville equations
where h = h(p, y) is an arbitrary function of its variables. Eqs. (4.14) can be easily solved. Then the general solution for M reads
with α = α(p, q), β = β(y, p), γ = γ(x, y) and δ = δ(y, p) being arbitrary functions. However, gauge freedom still available is strong enough to bring the functions α and γ to especially simple form, namely, α = q, γ = x.
Gathering, the large class of para-Kähler metrics (4.1) with Λ = 0 which admits a nonexpanding congruence of ASD null strings and is of the ASD type [II] or [D] is generated by the function M of the form
which depends on two arbitrary functions β = β(y, p) and δ = δ(y, p). Note, that this metric remains unchanged under the coordinate gauge freedom
withx andq being arbitrary gauge functions. After rather long and tedious calculations we find the ASD curvature coefficientṡ
Solutions given by (4.16) The metric (4.21) is an interesting example of para-Kähler Einstein structure: it is equivalent to locally symmetric model M = SO(2, 2)/maximal torus. It corresponds to the homogeneous para-Kähler structure.
In conclusion, we see that the functions β i and δ i can be brought to the form β 1 = −1, β 2 = 0, δ 1 = −1 and δ 2 = 0 (although it is hard to find the explicit transformation, which brings those functions to such forms). Then β = −y −1 and δ = −p −1 . Changing the coordinates Λp := 2p and Λq := 2q and dropping primes we find, that the metric (4.1) generated by (4.16) with β = −y −1 and δ = −p −1 gives exactly the metric (4.21).]
Expanding case
Consider now the case with expanding congruence of ASD null strings. It means that r y = 0. Introducing new functions z = z(y, p, q) and G = G(y, p, q) such that
one finds the general solution of Eq. (4.12a) in the form M (p, q, x, y) = F (x, y, z(y, p, q)) + G(y, p, q) (4.23)
Inserting this into the Einstein equations (4.12c) we find that
The Einstein equations reduce to
and the equation (4.12b) is identically satisfied. Unfortunately, we have not been able to find any solution of this system, even for the types [D] nn ⊗ [III,N] e (i.e., under the additional conditionĊ (3) = 0 orĊ (3) =Ċ (2) = 0) or under ad hoc assumption β = 0. It proves, somehow surprisingly, that the coordinate system (x, y, p, q) introduced in (4.3) is not the most suitable for our purpose. Nevertheless, we can attack the problem using machinery of nonexpanding hyperheavenly spaces theory.
[Remark. We should mention, however, the simple solution which belongs to the class with expanding congruence of ASD null strings. It is generated by the function
The only nonzero curvature coefficient is
so this solution is of the type
e . Straightforward calculations give the metric, which after changing the names of the coordinates, p → b, q → a, y → −9y/Λ 2 assumes the form
The metric (4.27) is exactly the dancing metric [11] . We are indebted to Pawe l Nurowski who expressed this solution in double null coordinates formalism [9] .] The hyperheavenly space theory has been developed in many papers (e.g. see [5, 2] ). We only mention here that in coordinate system (x, y, p, q) the metric of HH spaces of the types [D] nn ⊗ [any] endowed with two complementary, nonexpanding congruences of SD null strings can be brought to the form
The null tetrad which seems to be the most suitable for our purposes (Plebański-RobinsonFinley tetrad) reads e 1 = −dq , e 2 = −dy + Λ 3 xy + Θ xy dp − Λ 3 y 2 − Θ xx dq (5.2) e 3 = dp , e 4 = −dx + Λ 3 x 2 − Θ yy dp − Λ 3 xy + Θ xy dq
One finds the connection forms to be
Γ 41 = Θ xxx dq + Θ xxy dp + Λ 3 ydp Γ 32 = Θ yyx dq + Θ yyy dp + Λ 3 xdq −Γ 12 + Γ 34 = 2Θ xxy dq + 2Θ xyy dp − Λ 3 ydq − Λ 3 xdp and the curvature is given by
The vacuum Einstein equations reduce to the nonexpanding hyperheavenly equation with Λ
The condition for algebraic degeneration of the ASD side is once again very involved. This is why we assume that ASD null string lies in the plane (∂ 1 Functions f = f (p, z) and h = h(p, z) are arbitrary functions of their variables. [Note that because of arbitrariness of function f , it is impossible to find the explicit form of B from equation (5.9) . Similarly, C yy cannot be explicitly integrated, so the complete solution of the system (5.7a)-(5.7c) remains unknown. However, the hyperheavenly metric is determined with the precision up to the second derivatives of the key function Θ, so A, B y and C yy contain the entire information needed to obtain the explicit form of the metric]. Finally, passing from coordinates (p, q, x, y) to (p, z, x, y) we find the metric in the form ds 2 = −2dxdp − 2dydz + Λy 2 dz 2 − 4y 2 f dz − 2 Λy 2 dy dp (5 
Concluding Remarks
In the present paper we have dealt with para-Hermite and para-Kähler Einstein spaces with Λ = 0. The existence of two complementary congruences of SD null strings has allowed us to choose the coordinates in such a manner that we have been able to obtain the explicit examples of the spaces of the types [D] ee ⊗[deg] and [D] nn ⊗[deg]. Such spaces are interesting from the geometrical point of view. Since we also assume the existence of a congruence of ASD null strings all the metrics presented in the paper are two-sided Walker and two-sided sesqui Walker spaces [2, 7] . Moreover, para-Kähler Einstein spaces have just found their place in geometrical approach to the mechanical issues [10, 11, 9] .
In the Table 2 we listed all possible types of para-Hermite and para-Kähler Einstein spaces with Λ = 0 together with the metrics which have been found in our paper. It is clear that yet no examples of four classes of the metrics have been found. We believe however, that there exists the coordinate frame more suitable for our purpose which enables us to find the solutions. Table 2 : Metrics of para-Hermite and para-Kähler Einstein spaces with Λ = 0.
It is worth to pointing out once again that all our solutions are only of special classes. Some (unpublished yet) results found by Nurowski contain new, but still special metrics of the types [D] nn ⊗ [II,N] [9] . Those metrics provide us with explicit examples of paraKähler Einstein spaces with Λ = 0 other then those presented in our paper.
